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The Schrödinger equation in matrix form

1. Solutions of the Schrödinger equation

Select a  solution to H( = E( which can be expressed as a linear combination of a complete set of basis functions {(i }:




( = c1(1 + c2(2 + c3(3 + . . . 



(1)

Since the set {(i }:is complete the set {ci }of coefficients can be chosen to render ( so flexible that it can constitute a solution (the kth, say) of the Schrödinger equation for a particular system.  Inserted into the equation the latter would read




H(k = Ek(k





(2)
 There are n independent ways of combining the n functions according to eqn. (1), so (k  is a member of n solutions like those in eqn. (2).  For the moment let us consider just the kth solution:  then eqn. (1) needs to be written bearing a label  on the left hand side and on the set of coefficients{ ci }:




(k = c1k(1 + c2k(2 + c3k(3 + . . . + cnk(n 

(3)

The { ci } are calculated using the Variation Principle (energy minimisation), which entails solving the secular equations.

2. The Hamiltonian matrix


In order to solve for (k and Ek in eqn. (2) the energy (Hamiltonian) matrix H is constructed, whose general element is given by Hij ( ∫ (i* H (j d(.  Obviously the elements of H depend on the basis functions {(i} used to build it.  Any orthogonal set of functions formed as a linear combination of the {(i} would give rise to different matrix elements Hij' and therefore to a different matrix H', although the energy eigenvalues obtained from H and H' would be identical.

Example: The allyl radical at Hückel level

Using the carbon 2pz atomic orbitals as basis functions, the energy matrix for the allyl radical, 




        1        2            3

H2C(CH(CH2 

is
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(5)

The π MO functions and energy eigenvalues for allyl are given in the table:

	k
	             (k
	      Ek

	1
	½ ((1 ( (2(2 + (3)
	( ( (2 (

	2
	          1/(2((1 ( (3)
	     (

	3
	½ ((1 + (2(2 + (3)
	( + (2 (


Now instead of using the atomic orbital set ((1, (2, (3) as basis functions what if we had used the molecular orbital set to construct H?  Let’s try:

H11
=  ∫ (1* H (1 d(  = ¼ ∫((1 ( (2(2 + (3)* H((1 ( (2(2 + (3) d(  



= ¼[( + 2( + ( ( (2( ( (2(  ( (2( ( (2(]



= ( ( (2(
H22
=  ∫ (2* H (2 d(  = ¼ ∫((1 ( (3)* H((1 ( (3) d(  



= ½ [( + (]



= ( 

Similarly,


H33
=  ( + (2(

H12
=
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= 0

Similarly,


H12
= 0

and


H23
= 0

So the H matrix generated by the MO basis set {(k} is
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(6)

which is a diagonal matrix.  A comparison of the matrices defined in eqns. (5) and (6) shows that the latter differs from that in (5) by the fact that the non-zero elements are confined to the diagonal positions Hii, while Hij = 0 for i (  j.  Using H given by (6) to form the secular determinantal equation produces
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which shows that the diagonal elements in H are already the energy eigenvalues E1, E2 and E3 that were listed in the table.  


A process which transforms a matrix like the one in eqn. (5) into a diagonal form as in (6) is said to diagonalise the matrix, thereby revealing the eigenvalues of the matrix in its diagonal positions. 

3. Vector notation


The linear combination in eqn. (3) may be written as a scalar product of  two vectors ck and ( where the underlining means that the quantity is a vector.  If the basis set defining (k in eqn. (3) has n terms, the vectors ck and ( are each rows or columns of n elements, and allow an alternative expression for (k as


 
      (k 
= ck ( ( 

= c1k(1 + c2k(2 + c3k(3 + . . . + cnk(n 


(Because of normalisation the elements  
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To get the second of these equations from the first we form the scalar product of the vectors ck and ( by supposing ck to be a row vector and ( a column vector, and then using the rules of matrix multiplication.  For clarity we’ll adopt the convention that a vector with elements (x1, x2, . . .  ) will be written as x if it is a column vector, but as x† if it is a row vector. Doing this transposes a column vector x into a row vector x†, and transposing x† again to x†† (= x) restores the column vector.  Note however, that as well as turning the column into a row format, converting x into x† also replaces the components xi by their complex conjugates xi*.  But that will not be important until later.  Again for future reference, we define the transpose A† of a matrix A as one in which the rows have been swapped by the columns and vice versa, and also complex-conjugated.  In other words if the general element of A is Aij, that of A† is Aji*.

Using this notation the above kth state function becomes


 
      (k = ck† ( ( 





(7) 

4. Matrix form of the eigenvalue equation. Part 1: the eigenvector matrix.


The energy Ek of the state (k is normally calculated via the secular equations, which furnish both these quantities, but if (k is known, Ek may be extracted from it by calculating



      Ek 
= ∫(k* H (k d(



= 
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The factor 
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is the (i, j)th element of a matrix H.  But using vector/matrix notation the same can also be written



      Ek 
=  ck† H ck





(8)
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         row vector      sq. matrix       col. vector
Check that this expression follows the rules of matrix multiplication of the three factors on the right of (8):  the dimensions of the first (a row vector) are 1 ( n, the second is a n ( n matrix and the third is a column vector with dimensions n ( 1.  The result is therefore the scalar (single number) Ek.


Until now we have considered just one solution of the Schrödinger equation (  the eigenvalue Ek and the eigenvector ck.  But can the whole set of solutions be handled simultaneously?  Let’s assemble all the eigenvectors like ck into a matrix c, whose order will be n ( n:
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 . . .  are the eigenvectors of the 1st, 2nd etc. and are associated with the energy eigenvalues E1, E2,  etc.  



H ci = Ei ci
Multiplying from the left by the adjoint of column ci which is the row vector ci+ we isolate the eigenvalue Ei which is a scalar:




ci+ H ci = Ei ci+ci = Ei
or   
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Let us now replace eigenvector ci and eigenvalue Ei by the square eigenvector matrix c and a matrix of eigenvalues.  The last equation becomes





c+ H c = Ed c+c = Ed
showing that the eigenvalue matrix Ed has diagonal elements consisting of the eigenvalues E1, E2, ( and whose off-diagonal elements are zero.  So the ‘similarity transformation’ c+ H c has diagonalized H. 

5. Properties of the eigenvector matrix


The eigenvector matrix is an example of a type of matrix described as unitary. A unitary matrix A has the following important properties: 

1. The sum of the squares of the elements of any row or column is one,

i.e.  
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(normalization) 
2. The scalar product of any two rows or of any two columns is zero,

i.e. 
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(orthogonality)
3. The transpose of the matrix is equal to its reciprocal, 

i.e. 

A† = A(1
so that

A† A = I




(9)
where I is the unit matrix, i.e. a matrix of the same dimension as A, but its diagonal elements are unity and all the off-diagonal elements are zero (Aij = (ij, the Kronecker delta).  A unit matrix I multiplying any other matrix P leaves it unchanged (I P = P).  If you think of A (or c) as a matrix of LCAO coefficients, properties 1 and 2 follow from the normalisation of the MO wave functions and from the orthogonality of a pair of MO functions, respectively.

6. Matrix form of the eigenvalue equation. Part 2: diagonalisation.

With the eigenvector matrix c replacing the single eigenvector ck, the right hand side of eqn. (8) becomes c†Hc.  Remembering that c consists of  columns of eigenvectors ck, then eqn. (8) shows that when H multiplies each of these from the left, it  extracts the eigenvalue Ek as a scalar as Ekc.  The result of this is 

c†Hc = Ec†c

where E is a matrix consisting of just the eigenvalues Ek along its diagonal, and zeros everywhere else ( a diagonal matrix of eigenvalues.  Because c is unitary,  c(1 = c† (i.e. its reciprocal is the same as its adjoint), so  c†c = I.  Eqn. (9) then lets us write 




c†Hc = Ed (diagonal)




(10)

So subjecting the (non-diagonal) matrix H to the transformation c†Hc diagonalises it to produce the matrix Ed consisting of just eigenvalues along its diagonal.
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